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WEAK FORMS OF ∂∂−LEMMA ON COMPACT COMPLEX
MANIFOLDS
LUCIA ALESSANDRINI
Abstract. This paper is devoted to give a complete unified study of several weak forms
of ∂∂−Lemma on compact complex manifolds.
1. Introduction
One of the relevant properties of compact Ka¨hler manifolds is the so called ∂∂−Lemma,
which assures that, for every couple of indices (p, q) and for every d−closed (p, q)−form
α, the various exactness conditions are equivalent (i.e. α is d−exact if and only if it
is ∂−exact, or ∂−exact, or ∂∂−exact, or also the (p, q)−component of a boundary: see
Section 4). In this way, all important cohomologies are linked: De Rham, Dolbeault,
Aeppli, Bott-Chern.
Compact manifolds on which the ∂∂−Lemma holds have been also called cohomologi-
cally Ka¨hler manifolds; notice that there is a wide class of cohomologically Ka¨hler compact
manifolds, namely class C of Fujiki.
An important consequence of the ∂∂−Lemma is the possibility to find a system of
common representatives in the various cohomology classes, that allow to compute coho-
mology groups (due to compactness, cohomology is finite dimensional). To be precise,
while Fro¨hlicher relations always hold on the manifold M , i.e. for every k,
dim HkDR(M,C) := bk(M) ≤
∑
p+q=k
hp,q
∂
(M) :=
∑
p+q=k
dim Hp,q
∂
(M,C),
not always M has a Hodge decomposition (i.e. in the previous formula, equalities hold)
or a strong Hodge decomposition, i.e. for every k, p, q,
bk(M) =
∑
p+q=k
hp,q
∂
(M), hp,q
∂
(M) = hq,p
∂
(M).
But whenM is a ∂∂−manifold, i.e. a compact complex manifold on which the ∂∂−Lemma
holds, then M has a strong Hodge decomposition; this implies that for every p, q, the
Fro¨hlicher Spectral Sequence degenerates at E1, and there are natural isomorphisms (see
Section 2 for the definitions)
Hp,qd ≃ H
p,q
∂
≃ Hp,q∂ ≃ H
p,q
∂∂
≃ Hp,q
∂+∂
.
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From this kind of results one gets nice geometric properties of the manifold, in particular
on deformations of the complex structure (see Section 7).
In the last years, some authors studied many weak forms of the ∂∂−Lemma to achieve
similar geometric properties on compact non Ka¨hler manifolds, in particular about defor-
mations of the complex structure of the manifold.
This paper is devoted to a unified study of several weak forms of ∂∂−Lemma on compact
complex manifolds, in order to clarify them through the general setting, to emphasize links
and possible generalizations; we also pay particular attention to the link with generalized
p−Ka¨hler structures, which can also be considered as weak forms of the Ka¨hler condition.
As a matter of fact, our investigation was motivated by the following question: for a fixed
index p, which conditions, weaker than the ∂∂−Lemma, assures the equivalence of the
various generalized p−Ka¨hler structures? The answer is given in Theorem 6.7.
Our investigation starts from two (old) papers which are basic in the subject, i.e. [14]
(1976) and [31] (1986).
The plane of the paper is as follows:
1. Introduction
2. The setting in the paper of Varouchas [31]
3. The setting in the paper of Deligne, Griffiths, Morgan, Sullivan [14]
4. Weak ∂∂−conditions
5. Generalized p−Ka¨hler manifolds
6. Cones
7. Some results.
2. The setting in the paper of Varouchas [31]
In [31], the author calls “regular manifolds”those compact complex manifolds where
Ker∂∂ = Ker∂ + Im∂ on differential forms (see forthcoming Definition 2.6). He proves
that their cohomologies (De Rham, Dolbeault, Aeppli, Bott-Chern) admit common rep-
resentatives, using the ∂∂−elliptic complex (see p. 236 ibidem). From this paper we toke
the exact sequences (3.1) and (3.2) which have been used for the first time in [1]; let us
recall them here, and let us collect the first results (which are more or less well known in
the literature, see [7], [8], [23], [24], [25], [28], [29], [27], and so on).
Let M be a compact complex manifold of complex dimension n; for every p and q,
0 ≤ p, q ≤ n, let Ep,q(M) denote the Fre´chet space of complex-valued (p, q)−forms. Let
us consider the following operators:
∂p,q := ∂ : Ep,q(M)→ Ep+1,q(M), ∂
p,q
:= ∂ : Ep,q(M)→ Ep,q+1(M)
∂∂
p,q
:= ∂∂ : Ep,q(M)→ Ep+1,q+1(M).
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The corresponding cohomology groups are (we use here an old - but much more intuitive
- notation, see f.i. [16]):
Hp,q∂ = H
p,q
∂ (M,C) :=
Ker∂p,q
Im∂p−1,q
, Hp,q
∂
= Hp,q
∂
(M,C) :=
Ker∂
p,q
Im∂
p,q−1
Hp,q
∂∂
= Hp,q
∂∂
(M,C) :=
Ker∂p,q ∩Ker∂
p,q
Im∂∂
p−1,q−1 = H
p,q
BC(M,C),
Hp,q
∂+∂
= Hp,q
∂+∂
(M,C) :=
Ker∂∂
p,q
Im∂p−1,q + Im∂
p,q−1 = H
p,q
A (M,C),
When p = q, we also consider real cohomology (here the natural operator is i∂∂):
Hk,k
∂∂
(M,R) = Hk,kBC(M,R) :=
{ϕ ∈ Ek,k(M)R; dϕ = 0}
{ϕ = i∂∂α;α ∈ Ek−1,k−1(M)R}
Hk,k
∂+∂
(M,R) = Hk,kA (M,R) :=
{ϕ ∈ Ek,k(M)R; i∂∂ϕ = 0}
{ϕ = ∂α + ∂α;α ∈ Ek,k−1(M)}
Hk,kd (M,R) :=
{ϕ ∈ Ek,k(M)R; dϕ = 0}
{ϕ ∈ Ek,k(M)R;ϕ = dη; η ∈ E2k−1(M)R}
HjDR(M,R) :=
{ζ ∈ E j(M)R; dζ = 0}
{ζ ∈ E j(M)R; ζ = dη; η ∈ E j−1(M)R}
.
For every p, q, with 0 ≤ p, q ≤ n, we shall consider also the following quotient spaces:
Ap,q = Ap,q(M,C) :=
Im∂p−1,q ∩ Im∂
p,q−1
Im∂∂
p−1,q−1 , F
p,q = F p,q(M,C) :=
Ker∂∂
p,q
Ker∂p,q +Ker∂
p,q ,
Bp,q = Bp,q(M,C) :=
Im∂p−1,q ∩Ker∂
p,q
Im∂∂
p−1,q−1 , D
p,q = Dp,q(M,C) :=
Ker∂p,q ∩ Im∂
p,q−1
Im∂∂
p−1,q−1 ,
Cp,q = Cp,q(M,C) :=
Ker∂∂
p,q
Im∂p−1,q +Ker∂
p,q , E
p,q = Ep,q(M,C) :=
Ker∂∂
p,q
Ker∂p,q + Im∂
p,q−1 .
Due to the compactness of M , all these spaces are finite dimensional, and their dimen-
sion is denoted by the corresponding small letter, f.i. hp,q
∂+∂
:= dimCH
p,q
∂+∂
.
These spaces are linked by the following exact sequences, where all maps are induced
by the identity:
(2.1) 0→ Ap,q → Bp,q → Hp,q
∂
g
∂→ Hp,q
∂+∂
→ Cp,q → 0
(2.2) 0→ Dp,q → Hp,q
∂∂
f
∂→ Hp,q
∂
→ Ep,q → F p,q → 0
By means of the isomorphism induced by the conjugation, it is easy to see that:
Hp,q
∂+∂
≃ Hq,p
∂+∂
, Hp,q
∂∂
≃ Hq,p
∂∂
, Ap,q ≃ Aq,p, F p,q ≃ F q,p
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and
Hp,q
∂
≃ Hq,p∂ , B
p,q ≃ Dq,p, Cp,q ≃ Eq,p,
so that we have also the conjugate exact sequences:
(2.3) 0→ Ap,q → Dp,q → Hp,q∂
g∂→ Hp,q
∂+∂
→ Ep,q → 0
(2.4) 0→ Bp,q → Hp,q
∂∂
f∂→ Hp,q∂ → C
p,q → F p,q → 0.
Remark 2.1.1 We may also define:
B˜p,q := Bp,q/Ap,q ≃
Im∂p−1,q ∩Ker∂
p,q
Im∂p−1,q ∩ Im∂
p,q−1 , E˜
p,q := Ep,q/F p,q ≃
Ker∂p,q +Ker∂
p,q
Ker∂p,q + Im∂
p,q−1 ,
so that sequences (2.1) and (2.2) becomes:
(2.5) 0→ B˜p,q → Hp,q
∂
g
∂→ Hp,q
∂+∂
→ Cp,q → 0
(2.6) 0→ Dp,q → Hp,q
∂∂
f
∂→ Hp,q
∂
→ E˜p,q → 0,
and also by conjugation:
D˜p,q := Dp,q/Ap,q ≃
Ker∂p,q ∩ Im∂
p,q−1
Im∂p−1,q ∩ Im∂
p,q−1 , C˜
p,q := Cp,q/F p,q ≃
Ker∂p,q +Ker∂
p,q
Im∂p−1,q +Ker∂
p,q ,
and the corresponding sequences:
(2.7) 0→ D˜p,q → Hp,q∂
g∂→ Hp,q
∂+∂
→ Ep,q → 0
(2.8) 0→ Bp,q → Hp,q
∂∂
f∂→ Hp,q∂ → C˜
p,q → 0.
Lemma 2.1. The vector spaces Ap,q, Bp,q, Cp,q, Dp,q, Ep,q, F p,q have been selected to pro-
duce the following useful facts (easy to check), which give a connection among the previous
exact sequences:
(1) ∀ p, q, 0 ≤ p, q ≤ n, the operator ∂ gives the isomorphism Cp,q
∂
→ Dp,q+1;
(2) ∀ p, q, 0 ≤ p, q ≤ n, the operator ∂ gives the isomorphism Ep,q
∂
→ Bp+1,q;
(3) Ap,q and F p,q are “natural”kernels and cokernels of maps involving Hp,q
∂
and Hp,q∂
(compare (2.5), (2.6), (2.7) and (2.8)).
Proposition 2.2. We have the following isomorphisms:
(1) Hp,q
∂
≃ Hn−p,n−q
∂
, Hp,q∂ ≃ H
n−p,n−q
∂ ;
(2) Hp,q
∂∂
≃ Hn−p,n−q
∂+∂
;
(3) Dp,q ≃ Cn−p,n−q, Bp,q ≃ En−p,n−q, Ap,q ≃ F n−p,n−q;
(4) Bp+1,q ≃ Bn−p,n−q, Dp,q+1 ≃ Dn−p,n−q, Ep−1,q ≃ En−p,n−q, Cp,q−1 ≃ Cn−p,n−q.
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Proof. Statement (1) is well-known, and also (2) is known: there is a classical non-
degenerate pairing Hp,q
∂∂
× Hn−p,n−q
∂+∂
→ C given by ([α], [β]) =
∫
M
α ∧ β, which gives
the isomorphisms (Hp,q
∂∂
)∗ ≃ Hn−p,n−q
∂+∂
on compact manifolds.
To prove (3), let us consider the injective map induced by the identity Dp,q → Hp,q
∂∂
given in (2.2) and the surjective map induced by the identity Hn−p,n−q
∂+∂
→ Cn−p,n−q given
in (2.1). As above, we denote by [α] the (opportune) cohomology class of the form α.
It is easy to check that the above non degenerate pairing Hp,q
∂∂
×Hn−p,n−q
∂+∂
→ C induces
a pairing Dp,q×Cn−p,n−q → C, which is non degenerate: f.i., suppose [d] ∈ Dp,q such that
([d], [c]) = 0 ∀ [c] ∈ Cn−p,n−q. But [c] = [w]∂+∂, with 0 = [c−w] ∈ C
n−p,n−q, thus since the
pairing does not depends on representatives, ([d], [w]) = 0 ∀ [w] ∈ Hn−p,n−q
∂+∂
, which gives
[d] = 0. This proves that Dp,q ≃ Cn−p,n−q, and, by conjugation, that Bp,q ≃ En−p,n−q.
Now, let us consider the injective map induced by the identity Ap,q → Bp,q given in
(2.1) and the surjective map induced by the identity En−p,n−q → F n−p,n−q given in (2.2):
we can repeat the same considerations as above, to get Ap,q ≃ F n−p,n−q.
By Lemma 2.1, we get also (4). 
Lemma 2.3. (1) The following vector spaces are 1−dimensional:
Hn,n
∂
, H0,0
∂
, Hn,n∂ , H
0,0
∂ , H
n,n
∂∂
, Hn,n
∂+∂
, H0,0
∂∂
, H0,0
∂+∂
.
(2) The following vector spaces vanish:
C0,0, E0,0, F 0,0, B1,0, D0,1, An,n, Bn,n, Dn,n, Cn,n−1, En−1,n,
and also, for every p,
Ap,0, Dp,0, A0,p, B0,p, F p,n, Cp,n, En,p, F n,p.
Proof. Assertion (1) is well-known; the statement in (2) can be checked by easy compu-
tations, using also Proposition 2.2. 
Lemma 2.4. For every p, q with 0 ≤ p, q ≤ n, we have the following equalities and
inequalities:
(1) bp,q = b˜p,q + ap,q, dp,q = d˜p,q + ap,q, cp,q = c˜p,q + f p,q, ep,q = e˜p,q + f p,q;
(2) bp,q ≤ hp,q
∂∂
, dp,q ≤ hp,q
∂∂
, cp,q ≤ hp,q
∂+∂
, ep,q ≤ hp,q
∂+∂
;
(3) hp,q
∂+∂
+ b˜p,q = hp,q
∂
+ cp,q, hp,q
∂+∂
+ d˜p,q = hp,q∂ + e
p,q;
hp,q
∂∂
+ e˜p,q = hp,q
∂
+ dp,q, hp,q
∂∂
+ c˜p,q = hp,q∂ + b
p,q;
(4) hp,q
∂+∂
+ hp,q
∂∂
= hp,q∂ + h
p,q
∂
+ ap,q + f p,q;
(5) h0,q
∂
≤ h0,q
∂+∂
, h0,q
∂∂
≤ h0,q∂ , h
p,0
∂∂
≤ hp,0
∂
, hp,0∂ ≤ h
p,0
∂+∂
;
(6) hp,n∂ ≤ h
p,n
∂∂
, hp,n
∂+∂
≤ hp,n
∂
, hn,q
∂
≤ hn,q
∂∂
, hn,q
∂+∂
≤ hn,q∂ .
Proof. Easy computations, using the exact sequences and Lemma 2.3. 
Lemma 2.5. For p+ q = 1 or p + q = 2n− 1, we have the following inequalities:
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(1) h1,0
∂∂
≤ h1,0
∂
≤ h1,0
∂+∂
, h1,0
∂∂
≤ h1,0∂ ≤ h
1,0
∂+∂
;
(2) h0,1
∂∂
≤ h0,1
∂
≤ h0,1
∂+∂
, h0,1
∂∂
≤ h0,1∂ ≤ h
0,1
∂+∂
;
(3) hn,n−1
∂+∂
≤ hn,n−1
∂
≤ hn,n−1
∂∂
, hn,n−1
∂+∂
≤ hn,n−1∂ ≤ h
n,n−1
∂∂
;
(4) hn−1,n
∂+∂
≤ hn−1,n
∂
≤ hn−1,n
∂∂
, hn−1,n
∂+∂
≤ hn−1,n∂ ≤ h
n−1,n
∂∂
.
Proof. Easy computations, using the previous lemmas. 
Now we can give the definition of regular manifold in the spirit of [31]: the equivalence
of the conditions is given by Lemma 2.1.
Definition 2.6. A compact complex manifold is called regular if one of the following
equivalent conditions hold:
(1) ∀p, q, it holds: Ker∂∂
p,q
≃ Ker∂p,q + Im∂
p,q−1
, i.e. ep,q = 0;
(2) ∀p, q, it holds: Ker∂∂
p,q
≃ Im∂p−1,q +Ker∂
p,q
, i.e. cp,q = 0;
(3) ∀p, q, it holds: Im∂p−1,q ∩Ker∂
p,q
≃ Im∂∂
p−1,q−1
, i.e. bp,q = 0;
(4) ∀p, q, it holds: Ker∂p,q ∩ Im∂
p,q−1
≃ Im∂∂
p−1,q−1
, i.e. dp,q = 0.
3. The setting in the paper of Deligne, Griffiths, Morgan, Sullivan [14]
In this fundamental work, ddc− (or ∂∂−)manifolds are studied, to prove the following
main result (p. 270, Main Theorem):
“Let M be a compact complex manifold, for which the ddc− (or ∂∂−)Lemma holds.
Then the real homotopy type of M is a formal consequence of the cohomology ring
H∗(M,R).”
The ddc−Lemma is given, in the context of a general double complex, in Lemma 5.15
ibidem, as follows:
“Let (K∗,∗, d′, d′′) be a bounded double complex of vector spaces, and let (K∗, d) be the
associated simple complex (d = d′ + d′′). For each integer k, 1 ≤ k ≤ n, the following
conditions are equivalent:
(ak) in K
k, Kerd′ ∩Kerd′′ ∩ Imd = Imd′d′′
(bk) in K
k, Kerd′′ ∩ Imd′ = Imd′d′′ and Kerd′ ∩ Imd′′ = Imd′d′′
(ck) in K
k, Kerd′ ∩Kerd′′ ∩ (Imd′ + Imd′′) = Imd′d′′
(a∗k−1) in K
k−1, Imd′ + Imd′′ +Kerd = Kerd′d′′
(b∗k−1) in K
k−1, Kerd′ + Imd′′ = Kerd′d′′ and Kerd′′ + Imd′ = Kerd′d′′
(c∗k−1) in K
k−1, Imd′ + Imd′′ + (Kerd′ ∩Kerd′′) = Kerd′d′′. ”
For a compact complex n−dimensional manifoldM , let us consider the double complex
(Ep,q(M), ∂, ∂) with associated simple complex (Ek(M) = ⊕p+q=kE
p,q(M), ∂ + ∂ = d).
In this setting, the authors say that a manifold satisfies the ddc−Lemma, when (ak)
holds for every k, and satisfies the ∂∂−Lemma, when (bk) holds for every k.
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Comparing with conditions (3) and (4) in Definition 2.6, we get:
Proposition 3.1. A compact complex manifold is regular (in the sense of [31]) if and
only if it satisfies the ∂∂−Lemma (in the sense of [14]).
To support the careful reader, let us check explicitly the above equivalences in our case
(Ep,q(M), ∂, ∂), since the last one is not straightforward.
Remarks. As regards the conditions given above, it holds, for every k:
(1) (ak) ⇐⇒ (a
∗
k−1)
Suppose (ak) holds, and let u = u
k−1 ∈ Ker∂∂; then v = vk := du belongs to
Ker∂ ∩Ker∂ ∩ Imd = Im∂∂, thus du = ∂∂w. This gives
u = (u−
1
2
∂w +
1
2
∂w)−
1
2
∂w +
1
2
∂w ∈ Kerd+ Im∂ + Im∂,
since du = d(1
2
∂w)− d(1
2
∂w).
Suppose now v = vk ∈ Ker∂ ∩ Ker∂ ∩ Imd; then v = du = duk−1, with
u ∈ Ker∂∂ = Kerd + Im∂ + Im∂, that is, u = ∂a + ∂b + w, w ∈ Kerd, so that
v = du = ∂∂(b− a) ∈ Im∂∂.
(2) (bk) ⇐⇒ (b
∗
k−1)
Suppose (bk) holds, and let u = u
k−1 ∈ Ker∂∂, so that ∂u ∈ Ker∂ ∩ Im∂ =
Im∂∂ and ∂u ∈ Ker∂ ∩ Im∂ = Im∂∂. Hence ∂u = ∂∂a, ∂u = ∂∂b, which gives
u = (u+ ∂a)− ∂a ∈ Ker∂ + Im∂, u = (u− ∂b) + ∂b ∈ Ker∂ + Im∂.
Suppose now v = vk ∈ Im∂ ∩ Ker∂ and w = wk ∈ Ker∂ ∩ Im∂; then v =
∂u, u = uk−1 ∈ Ker∂∂ = Ker∂ + Im∂, (that is, u = ∂a + r, r ∈ Ker∂), and
w = ∂y, y = yk−1 ∈ Ker∂∂ = Im∂ +Ker∂, (that is, y = ∂b + s, s ∈ Ker∂), so
that v = ∂u = ∂∂a ∈ Im∂∂, w = ∂y = −∂∂b ∈ Im∂∂.
(3) (ck) ⇐⇒ (c
∗
k−1)
Suppose (ck) holds, and let u = u
k−1 ∈ Ker∂∂; then v = vk := ∂u and w =
wk := ∂u both belong to Ker∂ ∩Ker∂ ∩ (Im∂ + Im∂), thus v = ∂∂a, w = ∂∂b.
This gives
u = (u− ∂a + ∂b)− ∂b+ ∂a ∈ (Ker∂ ∩Ker∂) + Im∂ + Im∂.
Suppose now v = vk ∈ Ker∂ ∩Ker∂ ∩ (Im∂ + Im∂); then v = ∂u + ∂w, with
u, w ∈ Ker∂∂ = (Ker∂∩Ker∂)+Im∂+Im∂, so that u = ∂a+∂a′+r, r ∈ Ker∂∩
Ker∂, and w = ∂b+ ∂b′+ s, s ∈ Ker∂ ∩Ker∂, hence v = ∂u+ ∂w = ∂∂(a′− b).
(4) (bk) ⇐⇒ (ck)
Let v = vk = ∂u+ ∂w, u, w ∈ Ker∂∂, so that ∂w ∈ Ker∂ ∩ Im∂ = Im∂∂ and
∂u ∈ Im∂ ∩Ker∂ = Im∂∂. Hence v ∈ Im∂∂. The other side is straightforward.
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(5) (c∗k−1) ⇐⇒ (a
∗
k−1)
The assertion is trivial when k = 1. To prove one side of the statement, notice
that (Ker∂ ∩Ker∂) + Im∂ + Im∂ ⊆ Kerd+ Im∂ + Im∂.
On the other hand, let u = uk−1 ∈ Ker∂∂ = Kerd + Im∂ + Im∂; then u =
∂a + ∂b+ U, U = Uk−1 ∈ Kerd.
Notice that, for a generic r−form v (r ≥ 1), the condition : “v ∈ Kerd”does
not imply “v ∈ Ker∂ ∩Ker∂”, but it is equivalent to
∂vr,0 = 0, ∂vr−j,j + ∂vr−j−1,j+1 = 0, ∂v0,r = 0
for j = 0, . . . , r − 1.
As a matter of fact, the operators ∂ and ∂ are defined on Ep,q(M), and then
extended to Er(M) by linearity: thus, when v ∈ Er(M), “v ∈ Ker∂∩Ker∂”means
that ∂vp,q = 0, ∂vp,q = 0 for every p, q with p+ q = r.
Hence, for every fixed j = 0, . . . , k − 2, let us consider v = vk = d(Uk−1−j,j);
v ∈ Ker∂ ∩Ker∂ ∩ Imd, since ∂v = ∂∂Uk−1−j,j = ∂(−∂Uk−2−j,j+1) = 0, and also
∂v = 0.
But we proved above that (ak) ⇐⇒ (a
∗
k−1), so that v ∈ Im∂∂, i.e. ∂U
k−1−j,j =
∂∂r, r = rk−1−j,j−1 and ∂Uk−1−j,j = ∂∂s, s = sk−2−j,j.
This gives
U˜k−1−j,j := Uk−1−j,j − ∂r + ∂s ∈ Ker∂ ∩Ker∂
and
u = ∂a + ∂b+ Σk−1j=0U
k−1−j,j = ∂a˜ + ∂b˜+ Σk−1j=0U˜
k−1−j,j
as required, where a˜ contains as summands a and the components of type s, and
b˜ contains b and those of type r.
4. Weak ∂∂−conditions
As we said in the introduction, our version of the ∂∂−Lemma is the following (see also
[15]):
Definition 4.1. (∂∂−Lemma and ∂∂−manifold) We say that a compact complex
manifoldM is a ∂∂−manifold, when the ∂∂−Lemma holds forM , that is, for every couple
of indices (p, q) and for every d−closed (p, q)−form u, the various exactness conditions
are equivalent (i.e. u is d−exact if and only if it is ∂−exact, or ∂−exact, or ∂∂−exact).
Since a (p, q)−form which is ∂∂−exact, is obviously also d−exact, ∂−exact and ∂−exact,
the ∂∂−Lemma given in Definition 4.1 is equivalent to say that, for every couple of indices
(p, q) and for every (p, q)−form u ∈ Kerd = Ker∂ ∩Ker∂, with u ∈ Im∂ (or u ∈ Im∂
or u ∈ Imd), then u ∈ Im∂∂: this is precisely condition (bk) or (ak) of [14] for k = p+ q,
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as we have seen in Section 3. Hence from now on, we can use several point of view about
the ∂∂−Lemma: the above definition, or the setting in [14], or the setting in [31].
Notice that we can complete Definition 4.1 as follows: for every couple of indices (p, q)
and for every d−closed (p, q)−form u, the following conditions are equivalent:
(1) u is d−exact
(2) u is ∂−exact
(3) u is ∂−exact
(4) u is ∂∂−exact
(5) u is the (p, q)−component of a boundary, that is, there are a (p − 1, q)−form a
and a (p, q − 1)−form b such that u = ∂a + ∂b.
Indeed, u = ∂∂v = ∂(∂v/2)+∂(−∂v/2) (and when the form is real, u = i∂∂v for a real
form v, implies u = ∂(i∂v/2) + ∂(−i∂v/2)). On the other hand, when u = ∂a + ∂b, by
∂u = 0 we get that the d−closed (p, q)−form ∂a ∈ Im∂ = Im∂∂ by the equivalence of
the previous conditions, and similarly ∂b ∈ Im∂ = Im∂∂, hence u is ∂∂−exact.
We shall introduce now weak forms of the ∂∂−Lemma, that is, with a fixed couple
of indices (p, q), as it was partially done in some recent papers (see Remark 4.7.1). As
a matter of fact, a weak form of the ∂∂−Lemma has been proposed for the first time in
[19], studying deformations of balanced manifolds.
But firstly we shall also consider suitable maps, induced by the identity map on coho-
mology classes, starting from sequences (2.4), (2.2), (2.7), (2.5). For every couple (p, q), we
have indeed the following commutative diagram (which is also well known in the literature
cited in Section 2):
Hp,q
∂∂
ւ ց
Hp,q∂ ↓ H
p,q
∂
ց ւ
Hp,q
∂+∂
where, more precisely,
f∂ := i
p,q
∂∂,∂
: Hp,q
∂∂
→ Hp,q∂ , whose Kernel is B
p,q
f∂ := i
p,q
∂∂,∂
: Hp,q
∂∂
→ Hp,q
∂
, whose Kernel is Dp,q
g∂ := i
p,q
∂,∂+∂
: Hp,q∂ → H
p,q
∂+∂
, whose Kernel is D˜p,q
g∂ := i
p,q
∂,∂+∂
: Hp,q
∂
→ Hp,q
∂+∂
, whose Kernel is B˜p,q
ip,q
∂∂,∂+∂
: Hp,q
∂∂
→ Hp,q
∂+∂
.
Notice also that, by Section 2,
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(1) f∂ := i
p,q
∂∂,∂
is surjective ⇐⇒ C˜p,q = 0
(2) f∂ := i
p,q
∂∂,∂
is surjective ⇐⇒ E˜p,q = 0
(3) g∂ := i
p,q
∂∂,∂
is surjective ⇐⇒ Ep,q = 0
(4) g∂ := i
p,q
∂∂,∂
is surjective ⇐⇒ Cp,q = 0.
Definition 4.2. Let M be a complex manifold of dimension n, let 0 ≤ p, q ≤ n. We
say that M is a (p, q)−mild ∂∂−manifold, or that on M it holds the (p, q)−th mild
∂∂−Lemma (condition Bp,q in [34], Definition 1.8, or Definition 3.1 in [29], or condition
Bp,q in [27], Notation 3.5), when one of the following equivalent conditions holds:
(1) Bp,q = O
(2) bp,q = 0
(3) f∂ := i
p,q
∂∂,∂
is injective
(4) For all ω ∈ Ep−1,q(M) with ∂∂ω = 0, there is α ∈ Ep−1,q−1(M) with ∂ω = ∂∂α.
Notice that, if q = 0, p ≥ 1, by Bp,0 ≃ Ep−1,0, condition (4) means that there is no
ω ∈ Ep−1,0(M) such that ∂∂ω = 0, ∂ω 6= 0.
Definition 4.3. Let M be a complex manifold of dimension n, let 0 ≤ p, q ≤ n. We say
that M is a (p, q)−dual mild ∂∂−manifold, or that on M it holds the (p, q)−th dual
mild ∂∂−Lemma (see [29], Section 3.1), when one of the following equivalent conditions
holds:
(1) Dp,q = O
(2) dp,q = 0
(3) f∂ := i
p,q
∂∂,∂
is injective
(4) For all ω ∈ Ep,q−1(M) with ∂∂ω = 0, there is α ∈ Ep−1,q−1(M) with ∂ω = ∂∂α.
Notice that, if p = 0, q ≥ 1, by D0,q ≃ C0,q−1, condition (4) means that there is no
ω ∈ E0,q−1(M) such that ∂∂ω = 0, ∂ω 6= 0.
Definition 4.4. Let M be a complex manifold of dimension n, let 0 ≤ p, q ≤ n. We
say that M is a ˜(p, q)−mild ∂∂−manifold, or that on M it holds the ˜(p, q)−th mild
∂∂−Lemma (condition Ep,q in [34], Definition 1.8, or condition Sp,q in [27], Notation 3.5),
when one of the following equivalent conditions holds:
(1) B˜p,q = O
(2) bp,q = ap,q
(3) g∂ := i
p,q
∂,∂+∂
is injective
(4) For all ω ∈ Ep,q(M) with ∂ω = 0, ω = ∂u, there is v ∈ Ep,q−1(M) such that ω = ∂v.
Notice that, if q = 0, p ≥ 1, condition (4) means that there is no u ∈ Ep−1,0(M) such
that ∂∂u = 0, ∂u 6= 0.
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Definition 4.5. Let M be a complex manifold of dimension n, let 0 ≤ p, q ≤ n. We say
that M is a ˜(p, q)−dual mild ∂∂−manifold, or that on M it holds the ˜(p, q)−th dual
mild ∂∂−Lemma, when one of the following equivalent conditions holds:
(1) D˜p,q = O
(2) dp,q = ap,q
(3) g∂ := i
p,q
∂,∂+∂
is injective
(4) For all ω ∈ Ep,q(M) with ∂ω = 0, ω = ∂u, there is v ∈ Ep−1,q(M) such that ω = ∂v.
Notice that, if p = 0, q ≥ 1, condition (4) means that there is no u ∈ E0,q−1(M) such
that ∂∂u = 0, ∂u 6= 0.
Definition 4.6. Let M be a complex manifold of dimension n, let 0 ≤ p, q ≤ n. We
say that M is a (p, q)−weak ∂∂−manifold, or that on M it holds the (p, q)−th weak
∂∂−Lemma, when one of the following equivalent conditions holds:
(1) Ap,q = O
(2) ap,q = 0
(3) For all ω ∈ Ep,q−1(M) with ∂ω = ∂β, there is α ∈ Ep−1,q−1(M) with ∂ω = ∂∂α.
Definition 4.7. Let M be a complex manifold of dimension n, let 0 ≤ p, q ≤ n. We say
that M is a (p, q)−strong ∂∂−manifold, or that on M it holds the (p, q)−th strong
∂∂−Lemma, when one of the following equivalent conditions holds:
(1) Bp,q = O,Dp,q = O
(2) bp,q = 0, dp,q = 0
(3) ip,q
∂∂,∂+∂
is injective
(4) For all ω ∈ Ep,q(M) with ω = ∂a + ∂b, there is α ∈ Ep−1,q−1(M) with ω = ∂∂α
(5) The (p, q)−th mild ∂∂−Lemma and the (q, p)−th mild ∂∂−Lemma hold
(6) The (p, q)−th dual mild ∂∂−Lemma and the (q, p)−th dual mild ∂∂−Lemma hold.
Remark 4.7.1 Let us illustrate here some history about the subject.
(1) The (n − 1, n)−th weak ∂∂−Lemma has been proposed in [19], Definition 5, in
the form of Definition 4.6 (3), to prove Theorem 6. The authors say that this
condition is verified when H2,0
∂
= 0: of course, H2,0
∂
= 0 produces the vanishing of:
Hn−2,n
∂
(Proposition 2.2), En−2,n (Sequence 2.6 and Lemma 2.3), Bn−1,n (Lemma
2.1), An−1,n (Sequence (2.1)).
(2) In [9], Proposition 3.7, the authors consider the condition given in Definition 4.3
(3), for the case (n− 1, n), that is, the (n− 1, n)−th dual mild ∂∂−Lemma, and
remark in Proposition 3.9 that this condition is not equivalent to that introduced
in [19], i.e. the (n− 1, n)−th weak ∂∂−Lemma.
(3) More or less at the same time, in [10] Definition 2.1, the same authors introduce
the (n − 1, n)−th strong ∂∂−Lemma as in Definition 4.7 (3) and (4), and give
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some results involving it (see Section 7 here). Moreover, in Theorem 1.1 they use
also the condition giving the ˜(n− 1, n)−th mild ∂∂−Lemma.
(4) In [25] the authors define sGG−manifolds and characterize them as ˜(n, n− 1)−mild
∂∂−manifolds in Lemma 1.2.
(5) In [28] we encounter the (n− 1, n)−th mild ∂∂−Lemma (Definition 3.1) and the
link under the various weak forms of the ∂∂−Lemma in the case (n− 1, n).
(6) Finally, in [29] (see also [34] and [27]) the authors introduce in Definition 3.1 the
(p, q)−th mild ∂∂−Lemma as in Definition 4.2 (4), and then also the (p, p+1)−th
weak ∂∂−Lemma, the (p, q)−th dual mild ∂∂−Lemma and the (p, q)−th strong
∂∂−Lemma.
(7) In [34], Definition 1.8, one more definition is given, that is:
M ∈ Dp,q ⇐⇒ ∀ωp,q ∈ Im∂p−1,q ∩Ker∂
p,q
, there is χ such that ∂χ = 0, ω = ∂χ.
Obviously, this condition lies between conditions b˜p,q = 0 and bp,q = 0.
(8) For a fixed p, condition (Hk) in [11] corresponds to condition b˜
p+k,p−k+1 = 0, while
condition (H˜k) in [11] corresponds to condition b
p+k,p−k+1 = 0.
Remarks 4.7.2.
(1) Every manifoldM is: a (p, q)−mild ∂∂−manifold, for (p, q) ∈ {(0, q), (1, 0), (n, n)};
a (p, q)−dual mild ∂∂−manifold, for (p, q) ∈ {(p, 0), (0, 1), (n, n)}; and so on, by
Lemma 2.3.
Moreover, the cases (p, q) = (n− 1, n) or (n, n− 1) enjoy particular properties:
f.i., the (n − 1, n)−th mild ∂∂−Lemma can be characterized by hn−1,n
∂∂
= hn−1,n
∂
,
and so on.
(2) The fact that M is a (p, q)−mild ∂∂−manifold implies that M is a (p, q)−weak
∂∂−manifold and that M is a (˜p, q)−mild ∂∂−manifold, by Lemma 2.4.
(3) The fact that M is a (p, q)−mild ∂∂−manifold implies that the maps
ip−1,q
∂,∂+∂
, ip−1,q
∂∂,∂
, iq,p−1
∂,∂+∂
, iq−1,p
∂∂,∂
, in−p,n−q
∂,∂+∂
, in−p,n−q
∂∂,∂
, in−q,n−p
∂,∂+∂
, in−q,n−p
∂∂,∂
are surjective and that the maps
iq,p
∂∂,∂
, iq,p
∂,∂+∂
, in−p+1,n−q
∂∂,∂
, in−p+1,n−q
∂,∂+∂
, in−q,n−p+1
∂∂,∂
, in−q,n−p+1
∂,∂+∂
are injective, by Lemmas 2.2 and 2.4. Similar remarks hold for the other classes.
(4) Notice that, by Lemma 2.4 (2), to get conditions of type (2) in the previous
definitions, we only need the vanishing of a cohomology group of type Hp,q
∂∂
or
Hp,q
∂+∂
.
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5. Generalized p−Ka¨hler manifolds
We introduced p−Ka¨hler manifolds in [4] and then in [6], and studied them mainly
in the compact case: p−Ka¨hler manifolds enclose Ka¨hler and balanced manifolds, and
seem to be a nice generalization of the Ka¨hler setting. Later on, also pluriclosed (SKT)
manifolds have been proposed as a good generalization of Ka¨hler manifolds, and many
others.
Thus a deep investigation of this type of structures (no more metrics, in general) was
needed: we proposed in [1] a general setting, those of generalized p−Ka¨hler manifolds,
which enclose all the known classes of non-Ka¨hler manifolds that can be characterized by
a strictly weakly positive “closed”form (see f. i. [3]). In the last years, some of them have
been studied (not with the same name!) by other authors: hence we give in Remark 5.1.1
a sort of dictionary; moreover, a brief survey of the whole history can be seen in [3].
Definition 5.1. Let X be a complex manifold of dimension n ≥ 2, let p be an integer,
1 ≤ p ≤ n− 1.
(1) X is a p−Ka¨hler (pK) manifold if it has a closed transverse (i.e. strictly weakly
positive) (p, p)−form Ω ∈ Ep,p(X)R.
(2) X is a weakly p−Ka¨hler (pWK) manifold if it has a transverse (p, p)−form Ω with
∂Ω = ∂∂α for some form α.
(3) X is a p−symplectic (pS) manifold if it has a closed transverse real 2p−form
Ψ ∈ E2p(X); that is, dΨ = 0 and Ω := Ψp,p (the (p, p)−component of Ψ) is
transverse.
(4) X is a p−pluriclosed (pPL) manifold if it has a transverse (p, p)−form Ω with
∂∂Ω = 0.
Notice that: pK =⇒ pWK =⇒ pS =⇒ pPL. When X satisfies one of these defini-
tions, it is called a generalized p−Ka¨hler manifold. The form Ω, called a generalized
p−Ka¨hler form, is said to be “closed”; moreover, Ω > 0 means that Ω is transverse.
5.1.1 Remark. 1PL corresponds to pluriclosed ([17]) or SKT ([18]); 1S to hermit-
ian symplectic ([30]), 1K to Ka¨hler. Moreover, (n − 1)PL manifolds (or metrics) are
called standard or Gauduchon; (n− 1)S corresponds to strongly Gauduchon ([23], [32]),
(n− 1)WK manifolds are called superstrong Gauduchon ([25]), (n− 1)K corresponds to
balanced ([22]). Last but not least, similar names to pPL and pS manifolds are given in
[11], where the author present them as a new generalization of the old paper [4] . . .
5.1.2 Remark. In [1] we noticed that, on a ∂∂−manifold, for every p, 1 ≤ p ≤ n− 1,
it is the same to have a pPL structure, or a pS structure, or a pWK structure. Thus, in
particular, every compact manifold is strongly Gauduchon (i.e. (n−1)S) and superstrong
Gauduchon (i.e. (n − 1)WK). This was our motivation to investigate weak forms of
∂∂−Lemma.
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5.1.3 Remark. Generalized p−Ka¨hler manifolds can be studied also using positive
currents: see the Main Theorem 3.1 in [3].
6. Cones
Let M be a compact complex manifold. To study particular hermitian metrics on M ,
it is often useful to consider cones in suitable cohomology spaces of M . For instance, the
Ka¨hler cone K of a compact (Ka¨hler) manifold is, by definition, the set of cohomology
classes of (1, 1)−forms associated with Ka¨hler metrics. Notice that K can be considered
as an open convex cone in H1,1d (M,R) or in H
1,1
∂∂
(M,R).
We will study cones of transverse forms (denoted by Ω > 0) in Hp,p
∂∂
(M,R) and in
Hp,p
∂+∂
(M,R), starting from the (Bott-Chern) Ka¨hler cone, the balanced cone and the
Gauduchon cone (see [24], [27], [10], [13] and others).
Definition 6.1. Let M be a compact complex manifold of dimension n.
The Ka¨hler cone of M is
KM := {[ω] ∈ H
1,1
∂∂
(M,R)/ω > 0};
the balanced cone of M is
BM := {[Ω] ∈ H
n−1,n−1
∂∂
(M,R)/Ω > 0};
the Gauduchon cone of M is
GM := {[Ω] ∈ H
n−1,n−1
∂+∂
(M,R)/Ω > 0}.
Remark 6.1.1 All the previous cones are open convex cones. We have: GM 6= ∅ by
the result of Gauduchon ([20]), KM 6= ∅ if and only if M is Ka¨hler, BM 6= ∅ if and only if
M is balanced.
We say that a cone degenerates if it encloses the whole space, i.e. when every coho-
mology class contains a transverse form. Since the cones are open, they degenerate if and
only if the null class contains a transverse form. This is impossible for KM , because we
would get a smooth function f such that i∂∂f > 0 on a compact manifold.
On the other hand, the cones BM and GM may degenerate, as we can see through the
following example.
Example 6.1.2 (see [33] or [3]) Take G = SL(2,C), Γ = SL(2,Z), and consider the
holomorphic 1−forms η, α, β on M := G/Γ induced by the standard basis for g∗: it holds
dα = −2η ∧ α, dβ = 2η ∧ β, dη = α ∧ β.
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The standard fundamental form, given by ω = i
2
(α∧α+ β ∧ β+ η ∧ η), satisfies dω2 = 0,
so that ω2 is a balanced form: but it is exact, since
ω2 = d(
1
16
α ∧ dα+
1
16
β ∧ dβ +
1
4
η ∧ dη).
We proved on this subject a nice characterization result: see [3], Theorem 5.1 and
the remarks after the theorem, in particular Remark 5.2.4. In our setting, we have the
following results (Theorem 5.1(4) in [3] gives (i), while Theorem 5.1(1) gives (ii)):
Proposition 6.2. Let M be a compact complex manifold of dimension n ≥ 2.
(i) The following statements are equivalent:
(1) GM degenerates (i.e. GM ≃ H
n−1,n−1
∂+∂
(M,R)).
(2) [0] ∈ GM .
(3) There is a transverse (n − 1, n − 1)−form Ω on M which is the component of a
boundary (i.e. there is a form β such that Ω = ∂β + ∂β).
(4) There are no non trivial closed currents T ∈ E ′n−1,n−1(M)R, T ≥ 0 (in particular,
M does not belong to class C of Fujiki, where there are Ka¨hler currents).
(ii) The following statements are equivalent (see Lemma 4.18 in [27]):
(1) BM degenerates (i.e. BM ≃ H
n−1,n−1
∂∂
(M,R)).
(2) [0] ∈ BM .
(3) There is a transverse (n− 1, n− 1)−form Ω on M which is ∂∂−exact.
(4) There are no non trivial ∂∂−closed currents T ∈ E ′n−1,n−1(M)R, T ≥ 0 (in partic-
ular, M does not belong to class C of Fujiki, where there are Ka¨hler currents).
Before to go to the case of a generic index p, 1 ≤ p ≤ n − 1, we complete the case
p = n− 1, which is the most popular.
In [24], Popovici studied sG−manifolds (in our setting, (n− 1)S manifolds) by means
of the strongly Gauduchon cone, which is defined as follows.
Let T n−1,n−1 : Hn−1,n−1
∂+∂
(M,C)→ Hn,n−1
∂
(M,C) given by T ([Ω]∂+∂) = [∂Ω]∂ .
This map is well defined, and can be detected (matching exact sequences (2.3) and
(2.1)) as a composition of maps, using the isomorphism En−1,n−1 ≃ Bn,n−1 (notice also
that Cn,n−1 = 0):
→ Dn−1,n−1 → Hn−1,n−1∂
g∂→ Hn−1,n−1
∂+∂
→ En−1,n−1 → 0
0→ An,n−1 → Bn,n−1 → Hn,n−1
∂
g
∂→ Hn,n−1
∂+∂
→ 0
Definition 6.3. (see [24]) The strongly Gauduchon cone of M (which may be empty) is
SGM := GM ∩KerT
n−1,n−1 ⊂ Hn−1,n−1
∂+∂
(M,C).
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To complete the picture, let us consider also the map
W n−1,n−1 : Hn−1,n−1
∂+∂
(M,C)→ Hn,n−1
∂∂
(M,C)
given by W ([Ω]∂+∂) = [∂Ω]∂∂ . This map is well defined, since d(∂Ω) = 0, W (∂u+ ∂v) =
[∂∂v]∂∂ = 0.
As above, we detect W (matching exact sequences (2.7) and (2.8)) as a composition of
maps, using the isomorphism En−1,n−1 ≃ Bn,n−1 (notice also that C˜n,n−1 = 0):
0→ D˜n−1,n−1 → Hn−1,n−1∂
g∂→ Hn−1,n−1
∂+∂
→ En−1,n−1 → 0
0→ Bn,n−1 → Hn,n−1
∂∂
f∂→ Hn,n−1∂ → 0
Definition 6.4. The weakly Gauduchon cone of M (which may be empty) is
WGM := GM ∩KerW
n−1,n−1 ⊂ Hn−1,n−1
∂+∂
(M,C).
Remark 6.4.1 We have WGM ⊆ SGM , since T
n−1,n−1 = fn,n−1
∂
◦W n−1,n−1.
We got the following situation: WGM ⊆ SGM ⊆ GM ; in the next Proposition we give
conditions to assure the equality of the cones. The proof is a particular case (p = n− 1)
of that of the forthcoming Theorem 6.7.
Proposition 6.5. Let M be a compact complex manifold. In the above notation:
(1) GM = SGM (i.e. M is a sGG−manifold, see [24], [25]) ⇐⇒ T
n−1,n−1 = 0 ⇐⇒
B˜n,n−1 = 0.
(2) (suppose the cones are not empty) WGM = SGM ⇐⇒
KerT n−1,n−1 = KerW n−1,n−1 ⇐⇒ An,n−1 = 0.
(3) GM =WGM ⇐⇒ W
n−1,n−1 = 0 ⇐⇒ Bn,n−1 = 0.
(4) The (equivalent) conditions in Proposition 6.2(i) imply that M is (n− 1)WK and
(n− 1)S.
Remark 6.5.1 As for sGG−manifolds, one can see [25] and [26]. In particular, in [26],
Theorem 1.4, the authors characterize sGG−manifolds by the condition h0,1
∂∂
= h0,1
∂
. As
a matter of fact, since by Lemma 2.3(2) we have: cn,n−1 = 0, the condition b˜n,n−1 = 0
in Proposition 6.5(1) is equivalent by Lemma 2.4(3) to condition hn,n−1
∂+∂
= hn,n−1
∂
, or (by
Proposition 2.2) to h0,1
∂∂
= h0,1
∂
.
For the case of a generic p, 1 ≤ p ≤ n−1, we define the opportune maps and the cones
as follows.
Definition 6.6. LetM be a compact complex manifold of dimension n, let 1 ≤ p ≤ n−1.
(1) The p−Ka¨hler cone of M is
pKM := {[ω] ∈ H
p,p
∂∂
(M,R)/ω > 0};
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(2) the pPM cone of M is
pPM := {[Ω]
p,p
∂+∂
/Ω > 0} ⊆ Hp,p
∂+∂
(M,R);
(3) the pS˜M cone of M is pPM ∩KerT
p,p, where
T p,p : Hp,p
∂+∂
(M,C)→ Hp+1,p
∂
(M,C) is given by T ([Ω]∂+∂) = [∂Ω]∂
(4) the pWM cone of M is pPM ∩KerW
p,p, where
W p,p : Hp,p
∂+∂
(M,C)→ Hp+1,p
∂∂
(M,C) is given by T ([Ω]∂+∂) = [∂Ω]∂∂
Remarks 6.6.1
(1) Notice that only the p−Ka¨hler cone lies in Hp,p
∂∂
(M,R), while the other cones are
contained in Hp,p
∂+∂
(M,R).
(2) All cones may be empty, except for (n − 1)PM = GM . As a matter of fact,
(n− 1)PM = GM , (n− 1)S˜M = SGM , (n− 1)WM =WGM .
(3) Like GM , all the pPM are open convex cones.
(4) The cone 1S˜M is studied in [21].
So we have the following general result:
Theorem 6.7. Let M be a compact complex manifold of dimension n, let 1 ≤ p ≤ n− 1.
In the above notation (suppose also that the cones are not empty):
(1) pPM = pS˜M ⇐⇒ T
p,p = 0 ⇐⇒ B˜p+1,p = O ⇐⇒ M is a ˜(p+ 1, p)−mild
∂∂−manifold.
(2) pS˜M = pWM ⇐⇒ KerT
p,p = KerW p,p ⇐⇒ Ap+1,p = O ⇐⇒ M is a
(p+ 1, p)−weak ∂∂−manifold.
(3) pPM = pWM ⇐⇒ W
p,p = 0 ⇐⇒ Bp+1,p = O ⇐⇒ M is a (p+ 1, p)−mild
∂∂−manifold.
(4) When the open cone pPM degenerates (i.e. pPM ≃ H
p,p
∂+∂
(M,R)), or, equivalently,
when [0] ∈ pPM , then M is not only pPL, but also pWK and pS.
Proof. (1) pPM is a non empty open convex cone in H
p,p
∂+∂
(M,R), while KerT p,p is
a linear subspace there. Thus (see also Observation 5.2 in [24]) it holds pPM =
pS˜M ⇐⇒ KerT
p,p = Hp,p
∂+∂
(M,R). Moreover, we have:
B˜p+1,p = O ⇐⇒ Bp+1,p = Ap+1,p ⇐⇒ Im∂ ∩Ker∂ = Im∂ ∩ Im∂ ⇐⇒ T p,p = 0.
(2) KerT p,p ⊆ KerW p,p says that for every Ω = Ωp,p with ∂∂Ω = 0, when [∂Ω]∂ = 0
(i.e. ∂Ω = ∂χ), then [∂Ω]∂∂ = 0 (i.e. ∂Ω = ∂∂α); this is precisely the condition
Ap+1,p = O.
(3) The proof goes as for (1).
(4) If [0] ∈ pPM , then both pWM := pPM ∩ KerW
p,p and pS˜M := pPM ∩ KerT
p,p
cannot be empty. (Compare with Theorem 5.1 in [3], where condition 5.1(4)
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corresponds to our [0] ∈ pPM , while condition 5.1(3) implies 5.1(4) and assures
that M is p−Ka¨hler , i.e. pKM 6= ∅).

Remark 6.7.1 Except for the case p = n−1, pS˜M is not the cone of classes of pS forms.
For instance, when p = 1, [ω] = [ω1,1] ∈ 1S˜M means: ω > 0, ∂∂ω = 0, ∂ω = ∂η
2,0, while ‘ω
is a 1S-form’ means that ω > 0, ∂ω = ∂η2,0, ∂η2,0 = 0, i.e. the form ψ = −η2,0 + ω − η2,0
is closed (compare [21]).
Denote by pSM the open convex cone of classes of pS forms: we have
pWM ⊆ pSM ⊆ pS˜M ⊆ pPM .
Hence the condition b˜p+1,p = 0 does not imply that every pPL form is a pS form: we
need also the vanishing else of Ap+1,p or of Bp+1,p. But of course condition bp+1,p = 0
implies in particular that pPM = pSM .
Referring to [34], Definition 1.8 (see Remark 4.7.1(7)), one can easily check that when
M ∈ Dp+1,p, then pPM = pSM , because when Ω is a pPL−form, so that ∂∂Ω = 0, then
we get a form χ such that ∂Ω = ∂χ and ∂χ = 0, hence Ψ := Ω− χ− χ is a pS−form.
Moreover, in [11], Section 5, the author defines the cones Ap(M), which corresponds
to pPM , and Cp(M), that is pSM . Some results about these cones (see Proposition 5.4
ibidem) are connected with our Theorem 6.7; in particular in Proposition 5.4(i) a condition
is given (in terms of the vanishing of b˜p,q for suitable p, q) to assure that pPM = pSM ,
while Proposition 5.4(ii) is a particular case of Theorem 6.7(1).
Remark 6.7.2 As in the classical cases (see Remark 6.1.1),M is a pPL(pS, pWK, pK)
manifold if and only if the corresponding cone pPM (pSM , pWM , pKM) is not empty. But
the statement (for instance) “M is pS if and only if M is pWK”does not mean that the
cones coincide, but only that, when the cone pSM is not empty, then also pWM 6= ∅. This
is much more weak than Theorem 6.7.
Remark 6.7.3 As we stated in Theorem 6.7, to get pPM = pWM we need b
p+1,p = 0.
This condition can be expressed in many ways, using the results of Section 2 (see Remark
4.7.2(3)), f.i. ep,p = 0, or the injectivity of ip+1,p
∂∂,∂
: Hp+1,p
∂∂
→ Hp+1,p∂ ; moreover, there are
also other conditions which assure pPM = pWM , as the vanishing of h
p,p
∂+∂
, or hp+1,p
∂∂
, or
hp,p+1
∂∂
(see Remark 6.5.1).
To end this section, let us consider the case n = 2.
Proposition 6.8. Let M be a compact complex surface (n = 2). The following conditions
are equivalent:
(1) M is Ka¨hler
(2) h2,1
∂+∂
= h2,1
∂
(3) b˜2,1 = 0
WEAK FORMS 19
(4) All numbers ai,j , bi,j, ci,j, di,j, ei,j , f i,j vanish.
Proof. (1) implies (4) because a Ka¨hler manifold is a ∂∂−manifold.
(4) implies (3): obvious.
(3) implies (1): in fact, by Theorem 6.7, b˜n,n−1 = 0 is equivalent to (n − 1)S˜M =
(n− 1)PM , that is, SGM = GM , so that SGM cannot be empty, i.e. M is 1S. This assures
that M is Ka¨hler (see f.i. [2], Remark 2.8).
Finally, by Lemma 2.4, (3) is equivalent to (2). 
7. Some results
We collect in this last section a miscellanea of results, giving only references for the
proofs, and some indications to find examples of manifolds satisfying special forms of
∂∂−Lemma. The focus is on deformations of complex structures.
a) From local to global. About this topic, we recall only a couple of results of [9]
(see also [28] Section 3 for a comment), i.e.
“On a (n − 1, n)−th dual mild manifold, any locally conformal balanced structure is
also globally conformal balanced”(Theorem 3.5), and
“On a (n− 1, n)−th dual mild manifold, any locally conformal Ka¨hler structure is also
globally conformal Ka¨hler ”(Proposition 3.7).
b) Cones and p−Ka¨hler structures
In [1] we proved that, in the class of ∂∂−manifolds, every pPL manifold is also pS and
pWK for every p, 1 ≤ p ≤ n− 1; using Theorem 6.7, we can be more precise. For every
p, 1 ≤ p ≤ n− 1:
(1) If M is a ∂∂−manifold, then the following cones coincide:
pWM = pSM = pS˜M = pPM .
(2) M is a (p + 1, p)−mild ∂∂−manifold if and only if pPM = pS˜M = pSM = pWM ;
thus a pPL manifold, which is a (p+ 1, p)−mild ∂∂−manifold, is also a pS and a
pWK manifold.
(3) M is a (p + 1, p)−weak ∂∂−manifold if and only if pS˜M = pSM = pWM ; thus a
pS manifold, which is a (p+ 1, p)−weak ∂∂−manifold, is also a pWK manifold.
c) Holomorphic families of compact complex manifolds
Recall that a holomorphic family of compact complex manifolds is a proper holomorphic
submersion pi :M→ ∆ between complex manifolds, where ∆ is assumed to be an open
ball of Cm containing the origin (it suffices to assume m = 1); all fibres are compact
n−dimensional manifolds pi−1(t) :=Mt, which are diffeomorphic each other (i.e. only the
complex structure Jt of Mt varies with t ∈ ∆; in particular, Betti numbers are invariant).
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Following [23], a property (P) is open (closed) under holomorphic deformations if for every
holomorphic family and for every t0 ∈ ∆:
(open): Mt0 has the property (P) implies that Mt has the property (P) for all t ∈ ∆
close to t0;
(closed): Mt has the property (P) for all t ∈ ∆− t0 implies that Mt0 has property (P).
A lot of work has been done in studying openness or closeness of properties as being
Ka¨hler, balanced, ∂∂−manifolds and so on: one can see [23], [24], [25], [32], [10], [27],
[29], [11], [12] and some others.
In an old paper ([5]), we proved that, while the property of being Ka¨hler is open, the
property of being p−Ka¨hler (p > 1) is not open. For p = n−1, the example is the Iwasawa
manifold I3, which is a (2, 3)−weak ∂∂−manifold and a (2, 3)−dual mild ∂∂−manifold,
but not a (2, 3)−mild ∂∂−manifold (by Lemma 2.4 and [7], Appendix A) (this example
and its deformations will appear more and more).
But now we start from [19], where the authors recall that the property of being a
∂∂−manifold is open, and also the property of being a balanced ∂∂−manifold is open.
By the way, they noticed that the ∂∂−Lemma is too strong, in fact they prove (see
Theorem 6 and Corollary 7):
“When Xt is a (n− 1, n)−weak ∂∂−manifold for small t 6= 0 (f.i., when h
2,0
∂
(Xt) = 0),
and X0 is balanced, then Xt is balanced for small t”.
Notice that the request is on every Xt; as a matter of fact in [28] a lot of examples
are recalled, and in particular Example 3.13, where X0 and Xt are balanced (they have
the real structure of I3), X0 is a (2, 3)−mild ∂∂−manifold, but Xt is not a (2, 3)−weak
∂∂−manifold.
In the proof, Fu and Yau use the real diffeomorphism X0 ≃ Xt to get on Xt a real
d−closed (2n− 2)−form Ωt corresponding to the balanced (n− 1, n− 1)−form Ω0 on X0.
Its (n − 1, n− 1)−component Ω
(n−1,n−1)
t satisfies ∂tΩ
(n−1,n−1)
t = −∂tΩ
(n−2,n)
t , so that, by
the hypothesis, ∂tΩ
(n−1,n−1)
t = i∂t∂tΨt; in this manner,
Ω˜t := Ω
(n−1,n−1)
t − i∂tΨt − i∂tΨt
is d−closed, and it becomes transverse for a small t.
When p < n− 1, in [28] (Proposition 4.12 and Remark 4.13) and [29] (Proposition 1.5)
the authors notice that, for a sufficiently small t, any smooth real extension of a transverse
(p, p)−form is still transverse, so that the obstruction relies in the closure (as regards pS
manifolds, one can see [11], Theorem 1.1).
In the first paper, they define the (n, n− 1)−th mild ∂∂−Lemma, compare them with
the other weak forms of the ∂∂−Lemma at the level (n, n−1), also with a lot of examples,
and then prove the following result (Theorem 3.11):
“When X0 is a balanced (n− 1, n)−mild ∂∂−manifold, then Xt is balanced for small t”.
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On the other hand, I3 shows that the property of being a (n−1, n)−mild ∂∂−manifold
is not open, and that the result is not true when mild is replaced by weak.
Moreover in the just cited paper [28], on page 7, it is noticed that the property
“(n − 1, n)−weak ∂∂−manifold”is not open, where on the contrary the property “(n −
1, n)−strong ∂∂−manifold”is open but not closed.
They prove also in Theorem 4.9 (compare [11] Theorem 1.1 for pPL manifolds):
“When X0 is a pK ∂∂−manifold, then Xt is pK for small t”.
In [29], the authors get (Theorem 4.1):
“If X0 satisfies the (p, q + 1)−mild and (q, p + 1)−mild ∂∂−lemmata, then there is
a d−closed (p, q)−form Ω(t) on Xt depending smoothly on t with Ω(0) = Ω0 for any
d−closed Ω0 ∈ E
p,q(X0)”.
Hence (Theorem 1.1):
“When X0 is a pK (p, p+ 1)−mild ∂∂−manifold, then Xt is pK for small t”.
As for this last result, notice the connection with our Theorem 6.7: when M is a
(p, p + 1)−mild ∂∂−manifold, then it is also a (p + 1, p)−weak ∂∂−manifold, so that a
pS structure (a real concept) gives rise to a pWK structure.
d) Deformation invariance of dimensions
In [25], the authors give informations about the dimensions of various cohomology
groups with low indices, as h0,1
∂
, h0,1
∂∂
, h1,1
∂∂
, referring to a comparison between M and Mt.
Moreover they prove that the property of being a sGG-manifold is open but it is not
closed. Other interesting results, about h0,q
∂
and hp,0
∂
, are given in [34], Theorem 1.9 and
Theorem 1.10.
Also in [27] the authors compare dimensions of cohomology groups (Theorem 3.1, The-
orem 3.6, Theorem 3.7), in particular when M is a (p+1, q)−mild ∂∂−manifold and also
a ˜(p, q + 1)−mild ∂∂−manifold (see Theorem 1.4 for the cases p = 0 and q = 0).
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